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Abstract
It is found that conformally coupled induced gravity with gradient torsion
gives a dilaton gravity in Riemann geometry. In the Einstein frame of the
dilaton gravity the conformal symmetry is hidden and a non-vanishing cos-
mological constant is not plausible due to the constraint of the conformal
coupling.
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I. INTRODUCTION
Before the success of Weinberg-Salam model, the weak interaction was characterized by
the dimensional Fermi’s coupling constant, GF = (300Gev)
−2, far below the electro-weak
scale. But later it turns out that the dimensional coupling constant is the low energy effective
coupling which is determined by the dimensionless electro-weak coupling constant and the
vacuum expectation value of Higgs scalar field through the spontaneous symmetry breaking.
The weakness of the weak interaction is originated from the large vacuum expectation value
of Higgs field [1].
From this lesson, it is suspected that gravity may be also characterized by a dimensionless
coupling constant ξ with the gravitational constant GN given by the inverse square of the
vacuum expectation value of a scalar field. The weakness of the gravity can be associated
with a symmetry breaking at a very high energy scale. It has been independently proposed
by Zee [2], Smolin [3], and Adler [4] that the Einstein-Hilbert action can be replaced by the
induced gravity action
S =
∫
d4x
√−g{1
2
ξφ2R +
1
2
∂µφ∂
µφ− V (φ)}, (1)
where the coupling constant ξ is dimensionless. The potential V (φ) is assumed to have its
minimum value at φ = σ, then the above action is reduced to the well known Einstein-Hilbert
action with gravitational constant GN =
1
8piξσ2
.
In the analogy of the SU(2) × U(1) symmetry of the electro-weak interactions, we can
consider a symmetry which may be broken through a spontaneous symmetry breaking in the
gravitational interactions. The most attractive candidate symmetry is the Weyl’s conformal
symmetry which rejects the Einstein-Hilbert action, but admits the induced gravity action
Eq.(1) with a specific conformal coupling, ξ = 1
6
.
In Riemann space, the conformal coupling is unique with ξ = 1
6
. However, introducing the
vector torsion, an extended conformal coupling is possible in induced gravity [5,6] because
the vector torsion plays the role of a conformal gauge field in Riemann-Cartan space [3,7,8].
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It is found that induced gravity at conformal coupling should have conformal invari-
ance for consistency [6,9]. We investigate the conformal coupling in induced gravity with a
gradient torsion.
II. CONFORMAL COUPLINGS IN INDUCED GRAVITY
The induced gravity action Eq.(1) is invariant under the conformal transformation,
g′µν(x) = exp(2ρ)gµν(x), φ
′(x) = exp(−ρ)φ(x), (2)
at the conformal coupling ξ = 1
6
for a conformally invariant scalar potential.
In Riemann-Cartan space, an extension of conformal coupling with the torsion in induced
gravity is possible. It is found that the minimal extension to Riemann-Cartan space is
sufficient for our purpose.
The conformal transformation of the affine connections Γγβα is determined from the
invariance of the tetrad postulation,
Dαe
i
β ≡ ∂αeiβ + ωijαejβ − Γγβαeiγ = 0, (3)
under the following tetrads eiα transformations;
(eiα)
′ = exp(ρ)eiα. (4)
The spin connections ωijα are conformally invariant like other gauge fields.
The affine connections and the torsions which are the antisymmetric components of the
affine connections transform as follows;
(Γγβα)
′ = Γγβα + δ
γ
β∂αρ, (T
γ
βα)
′ = T γβα + δ
γ
β∂αρ− δγα∂βρ. (5)
Therefore, the trace of the torsion T γγα effectively plays the role of a conformal gauge field.
In general, the torsion can be decomposed into three components;
T αβγ = Σ
α
βγ + A
α
βγ − δαγSβ + δαβSγ , (6)
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where Σ[αβγ] ≡ 0, Σααγ ≡ 0, Aαβγ ≡ T[αβγ]. The traceless part of torsion Cαβγ ≡ Σαβγ+Aαβγ
is conformally invariant.
(Sα)
′ = Sα + ∂αρ, (C
α
βγ)
′ = Cαβγ . (7)
Because the minimal extension to Riemann-Cartan space is sufficient for our purpose,
we impose the conformally invariant torsionless condition;
Cαβγ ≡ 0. (8)
This condition is the conformally invariant extension of the torsionless condition in Riemann
space, T αβγ ≡ 0. For this minimally extended Riemann-Cartan space, the affine connection
can be written in terms of gµν and Sα;
Γαβγ = {αβγ}+ Sαgβγ − Sβδαγ . (9)
Introducing the conformally covariant derivative Dα for scalar field φ,
Dαφ ≡ ∂αφ+ Sαφ, (10)
we have an extended conformal coupling of induced gravity up to total derivatives as follow;
I =
∫
d4x
√−g{ξ
2
R(Γ)φ2 +
1
2
DαφD
αφ− 1
4
HαβH
αβ − V (φ)}, (11)
where we have excluded the curvature square terms. Now, the coupling ξ is a dimensionless
arbitrary constant. Using Eq.(9) we can rewrite this action in terms of Riemann curvature
scalar R({});
I =
∫
d4x
√−g{ξ
2
R({})φ2 + 1
2
∂αφ∂
αφ + (1 − 6ξ)Sα(∂αφ)φ
+
1
2
(1− 6ξ)SαSαφ2 − 1
4
HαβH
αβ − V (φ)}. (12)
The more general form of induced gravity action can be considered [10,11], but we restrict
the couplings to be conformal. In the limit of ξ → 1
6
, this extended conformal coupling is
reduced to the ordinary conformal coupling in Riemann space decoupled from the vector
torsion.
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III. DILATON GRAVITY FROM INDUCED GRAVITY WITH GRADIENT
TORSION
Analyzing the equations of motion for the action Eq.(12) with an effective potential
Veff(φ;Sα, gβγ) which depends on metric and torsion in general, we obtain the following two
equations of motion and a constraint for the scalar potential;
∇µHµν = −(1− 6ξ){(∂νφ)φ+ Sνφ2}+ ∂Veff (φ;Sα, gβγ)
∂Sν
, (13)
ξφ2Gµν = (HµαH
α
ν −
1
4
gµνHαβH
αβ)−(∂µφ∂νφ− 1
2
gµν∂αφ∂
αφ)−(1−6ξ)φ2(SµSν− 1
2
gµνSαS
α)
−(1 − 6ξ)(Sµφ∂νφ+ Sνφ∂µφ− gµνSαφ∂αφ) + ξ{∇µ(φ∂νφ) +∇ν(φ∂µφ)− gµν✷φ2}
− gµνVeff(φ;Sα, gβγ) + 2∂Veff (φ;Sα, gβγ)
∂gµν
, (14)
4Veff(φ;Sα, gβγ)− φ∂Veff (φ;Sα, gβγ)
∂φ
= 2
∂Veff(φ;Sα, gβγ)
∂gµν
gµν +∇ν ∂Veff (φ;Sα, gβγ)
∂Sν
, (15)
where all covariant derivatives are in Riemann space with the Christoffel connections [6,9].
The constraint Eq.(15) requires that the metric independent bare potential should be
quartic in the scalar field, Vo(φ) =
λ
4!
φ4, and the deviation of the radiatively corrected
effective potential from the quartic form is only allowed with the compensation by the metric
and vector torsion dependencies of the effective potential. Because this constraint comes
from the assumption that the bare action is conformally invariant except the potential term,
if we consider non-conformal coupling in kinetic and interacting terms, such a constraint
would not appear.
Let us consider a reduction of the system. If the effective potential does not have the vec-
tor torsion dependency, i.e. Veff(φ; gβγ), Eq.(13) allows the following conformally invariant
reduction;
Dαφ = 0. (16)
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This implies that the vector torsion is a gradient form;
Sα = −∂αln(φ/φo) = −∂ασ, φ ≡ φoeσ, (17)
where φo is a dimensional constant, and the field strength of the vector torsion vanishes
Hαβ = 0, which is consistent with Eq.(13). In this reduction, the bare action of Eq.(11)
becomes
I =
∫
d4x
√−gφ2oe2σ{
ξ
2
R({}) + 3ξ∂ασ∂ασ − λ
4!
φ2oe
2σ}. (18)
This is the form of conformal factor theory of dilaton gravity [12,13]. If the antisymmetric
torsion term is 1
12
CαβγC
αβγ included, this action is the form of string gravity with some
redefinition of fields except the quartic potential term [14].
For the reduction of the effective action, the potential term is replaced by
e−2σVeff(φoe
σ, gαβ). In this reduction, a dimensional constant φo is introduced, but the
action is invariant under the global scaling dxµ → adxµ, φo → φo/a if no conformal anomaly
is introduced in the effective action. However, the appearance of the conformal anomaly in
the conformally induced gravity is not allowed due to the constraint Eq.(15) which is the
requirement of conformal invariance [9] from the consistency of equations of motion for the
bare and the effective action in the conformally induced gravity [6]. In this reduction, the
constraint which effective potential should satisfy is
4Veff(φ; gβγ)− φ∂Veff (φ; gβγ)
∂φ
= 2
∂Veff (φ; gβγ)
∂gµν
gµν . (19)
Therefore, only metric independent quartic potential with effective coupling λeff seems to
be allowed. But, in general, the quantum effect by quantum fluctuation of scalar field on the
classical metric and torsion background [12,13] gives the following corrections to the scalar
mass m2, the coupling λ and the cosmological constant Λ respectively [15,16].
δm2 ∝ λm2, δλ ∝ λ2, δΛ ∝ am2 + bλ. (20)
Therefore, λ = 0 would be the only solution of Eq.(19) as a trivial fixed point of the
renormalization group. However, the definite claim about λ = 0 is possible only after the
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consideration of full quantum effects of the theory, which is of course far beyond of our scope
yet.
Redefining the metric,
gαβe
2σ → gαβ, (21)
the above dilaton gravity action can be written in the following standard Einstein action;
I =
∫
d4x
√−g{ξ
2
φ2oR({})−
λ
4!
φ4o}, (22)
where the gravitational constant GN =
1
8piξφ2o
, and the cosmological constant Λ = λ
4!
( 1
8piξGN
)2.
If the effective potential deviates from the quartic form, then there would remain explicit σ
dependency in the action after this redefinition of metric even though it is not plausible due
to the constraint Eq.(19).
In this Einstein frame the conformal symmetry is hidden and the cosmological constant
term has the origin of the quartic potential term in the original induced gravity action.
Reminding the constraint Eq.(19) which the effective potential should satisfy, the non-zero
coupling λ can be hardly expected after the radiative correction by the scalar field in the
original induced gravity action [15,16]. Therefore, we can say that if the Einstein gravity
have the root in the conformally induced gravity, the non-zero cosmological constant is not
plausible due to the constraint from the conformal coupling.
In this discussion, we have not considered torsions generated by matter fields because
vector torsion couplings are not expected in the standard minimal action for Dirac and gauge
fields [11].
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